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A Single-Model, Single-Algorithm Problem (ODE) - Adiabatic

Operation of a Tubular Reactor for Cracking of Acetone
Sl=1)
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|Differential Equations: 4 IWV Feady far SN
diFAYAN) = rA # Differential mass balance on acetone ‘

di{FB}/diV) = -rA # Differential mass balance on ketene s
diFC)/d(V) = -rA # Differential mass balance on methane AI Orlthm
diTyd{V) = [-deltaH} * {-rA} / {FA* CpA + FB * CpB + FC * QpC + FM * CpM} # Differential enthalpy balance

XA = (FAD-FAYFAQ # Conversion of acetone

rA = -k * CA # Reaction rate in g-mol/m3-s

FAQ = 38.3 # Feed rate of acetone in g-mol/s

FM = 38.3 - FAQ # Feed rate of nitrogen in g-mol/s
P =162 # Pressure kPa
CA=yA™P*1000/{8.31 " T) # Concentration of acetone i§ k-mal/m3
vA=FA S (FA + FB + FC + FN) # Mole fraction of acetone
vB=FB/(FA + FB + FC + FN) # Mole fraction of ketene
yC=FC/{FA + FB + FC + FN} # Male fraction of methane } -— M Odel
k=82E14 * exp(-34222 | T} # Reaction rate constant in s-1
deltaH = 80770 + 6.8 *{T-298) - 00575 *{T*2-298*2)-1.27e-6 * (T "3 -298 * 3% Heat of reaction in J/muol-kK
CpA=266+ 183°T-4586e-6"*T*"2#Heat capacity of cetone in J/mol-K
CpB=2004+00945*T-3095e-6*T* 2 # Heat capacityfof ketene in Jimol-K
CpC=1339+0077*T-18.71e-6 * T * 2 # Heat capacity ¢f methane in J/mol-K
CpN=625+878e-3"T-21e-8*T"2# Heat capacity of pitrogen in J/mal-K

FB{0} = 0 # Feed rate of ketene in g-mol/s

FA{Q) = 38.3 # Feed rate of acetone in g-molfs

FC{0} = 0 # Feed rate of methane in g-mol/s

Ti0) = 1035 # Inlet reactor temperature in K

WVi0) = 0 # Reactor volume in m3

Vifi=4

LnE |F'4-3E!.F'EIL ADIABATIC OPERATION OF & TUBULAR REACTOR FOR CRACKING OF ACETOME
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A Single-Model, Single-Algorithm Problem (NLE)

Complex Chemical Equilibrium

- -
Fi|E Program Edit Format Problem Exa SOIUtlon algorlthm
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B i =5 | Igafenewt j

Monlinear Equationz: 3 | Auxiliary Equation=: 10 |

Chemical Equilibrium
.D=CC*Ch/ACACB-KC "
fiCXj=CX*CY/CB*CC)-KC2 equations

(CZ)=CZ/(CA*CX)-KC3

T=

KC1=0 7/{exp(-2390_301%{1/330-1/T}}|
KC2=4/{exp{2421 518%{1/330-1/T}})
KC3={T/330)/{exp(-a954 7*(1/330-1/T}}}

CY=C}+CZ

CA=CAQ-CD-CZ
B=CB0-CD-CY

Mole Balance Equations




Single Model — Single Algorithm Problem
Solution with Software Packages

Physical
Properties
N User Supplied

Solution
Algorithm

Mathematical Software Package

@

Using this approach, the USER supplies the mathematical model and the
physical properties and the package provides the numerical solution.

Mathematical

Model




A Multiple-Model, Single-Algorithm (MMSA) Problem
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Table 14-T Differents’ Equstions for Fed Batch and Cyclic Fed Batch Bioreaciors

Three Modes in the Operation of the Semi-batch Bioreactor
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Harvesting

S (substrate reactant) + X (cell) = P (product) + nX



A Multiple-Model, Single Algorithm (MMSA) Problem
Polymath Model of the Initiation Mode of Operation

di, =, o @ = | [pkFss ]| [ Iable [ Giaph ¥ Repot
|Differential Equations: 5 |:-'-‘-.|.4:-:ili.2|r_l,I Equations: 12 |v" Feady for solution

Fj[Nx; {dit) = (FI*X0+munet*V*X) # Quantity of cells (g)

d(MNs)d(t)= (FI"S0+munet™V* X Yxs) # Quantity of glucose (g)
d(MNpMd{t=(munet*V*X/Yxp) # Quantity of fermentation products (g)
d(\V)/d({t)=F| # Culture volume (L)

d(PR)/d(t}=0 # Production rate (g/hr)

mum=0.3 # Maximal specific growth rate {1/hr)

Ks=1# Monod constant (g glucose/L)

KI=300 # Monod constant (g glucose/L)*2

Yx5=0.4 # Yield Coefficient (g cells/g glucose)

Yxp=0.15 # Yield Coefficient (g cells/g product)

50=200 # Feed sustrate concentration, initialization stage (g glucose/L)
FI=0.2 # Feed flow rate, initialization stage (L/hr)
munet=mum*S/{Ks+5+5%2/Kl) # Specific growth rate (g product/L-hr)
A=Mx/V # Cell concentration (g/L)

S=Ns/V # Substrate concentration (g/L)

P=Np/V # Product concentration (g/L)

X0=0 # Feed cell concentration (g/L)

Mx(0) = 24 # Initial quantity of cells (g)

Ms(0)=0 # Initial quantity of substrate (g)

Mp(0)=0 # Initial quantity of products (g)

V(0)=.8 # Initial culture volume (L)

PR{0)}=0 # Initial production rate (g)

ti0) =10

tif) = 1




Multiple Model — Multiple Algorithm Problem
Solution with Software Packages

Mathematical
Model
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Combine Together
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Programming for
Repetitive Runs and
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A Single-Model, Multiple Algorithm Problem
Simultaneous Multicomponent Diffusion of Gases*

Gases A and B are diffusing through stagnant gas C between
two points 1 and 2 where the compositions and distance apart
are known. Calculate and plot the concentration profiles and
determine the molar fluxes.

FPoint 1 Point 2 Diffusivities
Concentration Concentration at 0.2 atm

= = 0
Component kg-mol/m : kg-mo I/m® m-/s

A 0 D,yr-=1.075x10"*

B 0 2.701x1073  Dgr=1.245x107*

C 7.208x 1073 4.730x107° D, p=1.47x107*

*p. 10.8 in Cutlip and Shacham, Problem Solving In Chemical and Biochemical
Engineering with Polymath, Excel and MATLAB. Prentice-Hall, 2008.




Simultaneous Multicomponent Diffusion of Gases

The Stefan-Maxwell equations describe this multi-component
diffusion process

1 . T T . T A 7
dCp _ (xqgNp—xpgNy) (xgNp—2oNy)
dz Dag Dac

: N _~ N - N~ N
d_CB (xgN 4 iAi\B)+{ﬁ.BE\ c—XcoNpg)
dz D,p Dge

«f N+~ N - N+ N
d_CC (mci\ﬂ—.ﬁ,ﬂi\c)+{:x.{-KTE\B—:x.BE\ o)
dz Dac Dpc

Dpa =Dap, Doa =Dac, and Deg = Dpc




Simultaneous Multicomponent Diffusion of Gases

Y - N —~ N N N
dCfA _ (ﬁ‘q J'.l-\' B :LB.E\' “:l } " {’J,L‘:lj\' ('ff X (‘fff\ A }
dz Dap Dac

The parameters N, and N (the molar fluxes of components A
and B respectively) are unknown. They can be calculated using
the boundary conditions: at point 2 (z=0.001m) CA =0 and
CB =2.701.

Estimates of N4 and NB can be obtained from application of
the Fick's law assuming simple binary diffusion. Estimates for
N, and N, can be obtained from:
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Simultaneous Multi-Component Diffusion of Gases —
POLYMATH Code

No

Equation # Comment

1
2
3
4
5
6
7
8
9

d(CA)/d(z) = (xA* NB - xB * NA) / DAB + (XA * NC - xC * NA) / DAC # Concentration of A (g-mol/L)
d(CB)/d(z) = (xB * NA - XA * NB) / DAB + (xB * NC - xC * NB) / DBC # Concentration of B (g-mol/L)
d(CC)/d(z) = (xC * NA - xA *NC) / DAC + (xC * NB - xB * NC) / DBC # Concentration of C (g-mol/L)

S\# Molal flux of component B (kg-mol/m”2*s)

lux of component A (kg-mol/m”2*s)
£ A through B (m"2/s)
componrent C (kg-mol/m”2*s)

DAC = 1.075e-4# Diffusivity of A through C (1
DBC = 1.245e-4 # Diffusivity of B through C (m"2/s) .
CT =0.2/(82.057e-3 * 328) # Gas concentration g-mol/L EStl mated Val ues
XA = CA/CT # Mole fraction of A
xB = CB / CT # Mole fraction of B
XC = CC/CT # Mole fraction of C
z(0) = 0 # Length coordinate at point 1
CB(0) = 0 # Concentration of B at point 1
CA(0) = 0.0002229 # Concentration of A at point 1
CC(0) =0.007208 # Concentration of C at point 1
z(f) = 0.001 # Length coordinate at point 2

Iterations on the NA and NB values have to be carried out to reach the
specified final values of CA, CB and CC




Simultaneous Multi-Component Diffusion of Gases —
POLYMATH Solution for Estimated N, and Ny values

Calculated values of DEQ variables

No match between the

Variable |Initial value | Minimal value |Maximal value |Final value

1 |CA 0.0002220 |-1.602E-05 0.0002229 -1.602E-05 SpeCIfled and
2 |CB 0 0 0.002284 0.002284 -
— - - - = calculated final values
3 |CC 0.007208  |0.0051638 0.007208 0.0051638
15 |%C 0.0700056 |0.6040123 0.9700056 0.6040123
16|z 0 0 0.001 0.001
Point 1 Point 2
Concentration Caoncentration
Component kg-llmlflng kg nol/m?
A 2.229% 10 0
B 0 2.701x1073

C 7.208%107° 4.730x 1072




Application of the Newton-Raphson Method for the Solution
of Two Point Boundary Value Problems

Let us define x as the vector of unknown parameters
(in this particular case x = (N, Ng)T ) and f as a vector
of functions representing the difference between the
desired and calculated concentration values as point 2,

thus

, =0
, —2.701x107




The Newton-Raphson Method using Forward Difference to
Calculate the Derivatives

The Newton-Raphson (NR) method can be written

where £ Is the iteration number, x, Is the initial

estimate and of/ox Is the matrix of partial derivatives
at x = x,. The matrix of partial derivatives can be
calculated usina forwarc% dlfferences thus
af f X, + 8 12
axj
where &, Is a vector contalnlng the value of ¢; at the /™
position and zeroes elsewhere..




File

Simultaneous Multi-Component Diffusion of Gases — A

MATLAB Function Generated by POLYMATH
W=

Edit Text Cel Tools Debug Desktop ‘Window Help N | A =

N H| {Ro«|S|#6rf|leaRERaERERA| -] BODBIC

21
&2
23
24
25
2
o
28
29
30
i1
32
33
id
35
3
i
38

functiond¥funcvecds = ODEfun(z, YEuncwec);

ch= Teuncvecd) Input parameters are transferred

CE = Yfuncwvec(l)oe - -

o€ - Teuncvect to the function in an array
E =-0002243; % Molal £flux of component B (kg-tmo lAn2*3)

MA = 00002294; % Molal £flux of component i (kog-tno Laoi*a)

DAB = .0001dY; % Diffusivityof L through B odés)

NC=0; % Molal flux of stagnant component L (koo lian2*3)

DAC = 0001075 % Diffusivityof A through C gwisa)

DBC =.00012d45; % Diffusivityof B through C wdds)

CT = .2/0082057 * 328} % Gas concentration g7

XA =CA/CT; % Mole fraction of & Output parameters ShOU |d be

XB=CB/CT; % Mole fractionof B .

%C = CC/CT; % Mole fraction of C placed into a column vector
ACAdzs = (KA HNE- (xE*NAN/DAD + fabdfC NC - (O * )y PAL; W LONCENTEAT 10 O A Lg-100 Ls L)
ACEdz = (xBE*NAL-(xL*N B+ (EBE*NC-(=xC*NEN/DEBC; % Concentrationof B (goolsL)
ACCdz = (xC*HAS FHMCNADAC # (C*NE-(xBE*NCN/DEC; % Concentration of C (g-tno LAL)
d¥funcwvecdsz = [dCAdz; dCBds; dACCds);

T o




Template for Solving an ODE System*
=10 x|

File Edit Text Cell Tools Debug Desktop ‘Window Help N | A X

N dH iR o & dr|0R0BRE BB |[=- -] O
|

function Multbiffusi

ior o, fomar cam=—— Data Generated by POLYMATH

tepan=[00.001] % Rang e independeni
Qoozzze; 0; 0 i % Initial wvalues for the dependent variables function

disprVariablevalues at the in.tial point )
dizpil t ='numstritspanidiy

dispe v aae 5 1he MATLAB library function ode45
b s used to solve the ODE system

for i=1l:=ize(y,i) _I
displk 2olution for dependent variable yw intZstr(ill;

1
£
E
d
5
&
7
i
e

= =
e = =

dispil ot w intistriilly

dispilt vi:, 1),

plotit, 7,10

title(f Plot of dependent wvariabhle w intZstre(i))
xlabell Independent variable (Lr)

vilahelil Dependent variakble  intZstr(i)l)

= = = = = =
Lo e R = L R =" 1Y

pause

=
w0

encd

0

*Available in the HELP section of POLYMATH




Simultaneous Multi-Component Diffusion of Gases — Newton-

Raphson Iterations for Identifying the Parameters

D editor - G:\ASEE_S5\Example-6\MultDiffusB.m* (=]

File Edit Text Cell Tools Debug Desktop  Sindow  Help A Ao

0= = S | #h f | & X I 52 m

[

z
3
4
5
&
7
b
2

T Pt To Pt Fo i B B = - =~ ~ ~
[ N = N T = = = - T ¥ = SO, (R ="y R LS o e

\

function Multhiffusk =
clear, cle, format short o, format compact

tspan=[00.001]; % Range for the independent variable

w0 =[0.000222%; 0; 0.007208); % Initia. walues for the dependent variables function
MAB(: 1)=[2.3%de-5; -3.343ed] - -
- Initial estimates for N, and N,
it=0;

while jerr=le-10) & [(it<20]

reeita, Input N, and N as a parameters into the function

ithnofit)=1t;

[t,7Fl=oded5f@ODEfun tspan, 7O MNABL it)NABQ it)); —

i, it)=[ylendl) yiend,2F270le-3]
err=sqro(fl, itk £l it 1 1 I I 1 I
Derivative calculation loop
delj=abs@AE(],1itlr0.04;
MAER(],it)=NLE(j itl+deli
[t,¥hl=0ded untspan v [[NABL, it)MABZ 1t
=Ty plendl) yplend i 7ile-3]
for k=1:2
DFik ji=ifpikr-fik iclvde 1];
end

NAB() LE)-NAR( L rhciedr— — Newton-Raphson iterations loop

end
MAB(:, it +1)=AE( ,itrinv(DFFL, i)
end

«




Multi-Component Diffusion — Results of Parameter Values

Note that five NR iterations, as shown below, are required for
convergence with error tolerance of ¢, = 10-1°. The iterations of
the NR method are stopped when

fx, )<z,

and where ¢, is the desired error tolerance set at 1x10-%0,
The converged solution values are N, = 2.1149e-5 and
Ny = -4.1425e-4. Using these solution values, the difference

between the calculated and desired values of C, and Cj at point
2 are <1019,

lteration

N4 Ns f f;
2.3960E-05 —3.3630E-04 3.35E-05 -5.99E-03
2.2076E-05 -1.7614E-04 7.53E-06 -1.40E-03
2.1252E-05 -3.8575E-04 8.52E-07 -1.49E-04
2.1150E-05 -4 1375E-04 1.77E-08 -2.56E-06
2.1149E-05 -4.1424E-04 7.09E-11 -6.41E-09

2. 1149E-05  -4.1425E-04 1.67E-13 -1.43E-THN
\ /




Modeling and Optimization of a Chemostat with Imperfect Mixing*

No. Equation # Comment
1 f(S1) = F1*S0+F2*S2-(1/Yxs)*(mum*S1/(Ks+S1))*X1*V1-F1*S1-F2*S1
# Substrate balance on the well mixed volume

2 {(S2) = F2*s1-(1/Yxs)(mum*s2/(ks+S2)xarva-Frs2  Maximize Cell production rate or

# Substrate balance on the stagnant volume i o i
3  f(X1)=F2*X2+(mum*S1/(Ks+S1)-kd)*X1*V1-F1*X1-F2*X2 PrOdUCt prOdUCtlon Ale as funCtlon
# Cell balance on the well mixed volume of Dily IoNn rate

4 f(X2)=F2*X1+(mum*S2/(Ks+S2)-kd)*X2*V2-F2*X2
# Cell balance on the stagnant volumae ;

5 P1=Yps*(S0-S1) # Production (g/dm~3) Well mixed volume

6 D=F1/(V1+V2) # Dilution rate (1/hr)

7 SO = 0.6 # Feed substrate concentration (g/dm”3)

8

9

kd = 0.002 Fyq v l Fq
Yxs=0.4 # Yield coefficient (g cells/g substrate So —» 1 (JC\—P Sq
10 Yps=.2 # Yield coefficeint (g product/g substgje D X,
11 Ks =0.2 # Monod constant (g substrate/) L) p
12  mum = 0.2 #Maximal specific growt . (1/hr) Fy Fy 1
13  V1=1.7 # Well mixed voume (dp#3) Sq So
14 Vv2=0.3 # Stagnant volume (@ i 3) _};1 X
15 F1=.17 # Feed flow ratg e well mixed volume (dm”3/hr) P p;
16 F2=0.2*F1 # Feed #Owate to the stagnant volume (dm”3/hr) v -
17 PR_DX1=D*X1 % Cgfl production rate (g/hr) V. )L
18 PR_DP1=D*P1 # Product production rate (g/hr) 2 g
19 S1(0)=0 /
20 S2(0)=0
21 X1(0)=0.2 Stagnant volume
22 X2(0)=0.4

*p. 14.11 in Cutlip and Shacham, Problem Solving In Chemical and Biochemical
Engineering with Polymath, Excel and MATLAB. Prentice-Hall, 2008.




Modeling and Optimization of a Chemostat with Imperfect
Mixing — Results for D = 0.06 (1/hr) and D = 0.085 (1/hr)

POLYMATH Report

Nenlingar Equationa

Calculated values of HLE variables
Variable Value f(x)
151 0.1139428 |9.403E-13 |0
2|52 0.0157426 |2.343E-14 |0
31 0.1814265 |-3.762E-13 0.2
4162 0.2153234 |-9.426E-15 0.4

Variable Value

e

L\ —

Fz2 0.024

kd 0.002

K= 0.2

mum 0.2

F1 0.0972114
& [PR_DF1 |0.0038327
LR D1 |0.0108838
1050 0.6

11 V1 1.7

12 |v2 0.3

13 Yps 0.2

14 |Yxs 0.4

e |

Initial Guess

POLYMATH Report

Nonlinear Equationz

Calculated values of HLE variables
Variable value f(x) Initial Guess
1|51 0.2081633 |4.324E-13 |0
2|52 0.0447391 |6.833E-14 |0
3|X1 0.1408439 |-1.73E-13 0.2
4|2 0.2026376 |-2.737E-14 0.4

Variable Value
1
F o
F2 0.034
kd 0.0o2
ks 0.2
MmLm 0.2
7 |P1 0.0783673
8 |PR_DF1 |0.0086612
GPR_DXL D.DILED
10|50 0.6
11|v1 1.7
12 |2 0.3
13 |¥ps 0.2
14 |¥xs 0.4

Point by point calculation of the objective function values may not be the most

efficient way for finding the optimum




Modeling and Optimization of a Chemostat — A MATLAB
Function Generated by POLYMATH

Equation % Comment

function fx = MNLEfun(x);

S1=x(1); S2=x(2);

X1 =x(3); X2 =x(4);

Yps = .2; %Yield coefficeint roduct/g substrate)

F1=.17; %Feed flow rate to the Wwell mixed volume (dm”3/hr)

S0 = .6; %Feed substrate concentratieg (g/dm”3)

kd =.002; % Cell death rate (1/hr)

Yxs = .4; %Yield coefficient (g cells/g substrate) |NPUL parameters are transferred
P1=Yps * (SO - S1); %Production (g/dm”3)

Ks =.2; %Monod constant (g substrate/L)

mum = .2; %Maximal specific growth rate (1/hr)

V1 = 1.7; %Well mixed volume (dm*3) Output parameters should be
V2 = .3; %Stagnant volume (dm”3)

D =F1/(V1+V2), %Dilution rate (1/hr) placed INto a COIUmn vector
F2 =.2*F1; %Feed flow rate to th gnant volume (dm”3/hr)
PR_DX1 =D * X1; %Cell ction rate (g/hr)
PR_DP1 =D * Pl roduct production rate (g/hr)
fx(1,1) = SO+F2*S2-(1/Yxs*mum*S1/(Ks+ S1)*X1*V1)-(F1*S1)-(F2*S1);
1) =F2*S1-(1/Yxs*mum*S2/(Ks + S2) * X2 *V2) - (F2 * S2);
fx(3,1) =F2* X2 + (mum * S1/ (Ks + S1) - kd) * X1 * V1 - (F1 * X1) - (F2 * X2);
fx(4,1) =F2* X1 + (mum * S2 / (Ks + S2) - kd) * X2 * V2 - (F2 * X2);

Z
o

0O ~NOoO Oolh, WN -

to the function in an array




Modeling and Optimization of a Chemostat - MATLAB Main
Program and Results of Parametric Runs

No. Equation
1 options = optimset('Diagnostics',['off']," TolFun',[1e-9],'TolX",[1e-9]);
Yps =0.2; SO =0.6; kd=0.002; Yxs =0.4; Ks=0.2;

mum =02; V1=17; V2=03; The MATLAB library function fsolv is

F1=0.1, 5
xguess = [0 0 0.2 0.4]; /W used to solve the system of equations.
for k=1:16

7 & _xsolv=fsolve(@MNLEfun,xguess,options,FI> . .
8 {Sl(k):xsolv(l); SZR=xsoM2); X1k)=xsolv(3); X2(k=xsov4);  Calculation of the produc’uon rates

9 ) Filist(k)=F1; D(K) = F1/ (V1 + V2); P1(k)= Yps * (SO - S1(K)); )

10 | PR_DX1(k) = D(K) * X1(k); PR_DP1(k) = D(k) * P1(Kk); for parametrlc Funs
11 F1=F1+0.01;

12 end

0.014

O  PRDX
+ PRDP1] |

0.012r

0.01
(o]
0.008 -
0.006 -

4

0.004 -

Il Il Il
0.08 0.09 0.1
Dilution Rate (D)




Modeling and Optimization of a Chemostat

No.

Command

23
24
25
26
27
28

29
30
31
32
33
34
35
36
37

Lb=0.1;
Ub=0.25;
[maxF1, PR_DX] = fminbnd(@ProdRateCell,Lb,Ub);

disp([' Highest Production Rate for. Cells.is ' num Zstrg-PR_DX) "at Dilution Rate of ' num2str(maxF1/(V1+V2))])
[maxF1, PR_ = fminbnd(@ProdRateProd,Lb,Ub);

disp([' Highest Production Rate Ya_ Product IS ' num2str(-PR_DP) ' at Dilution Rate of ' num2str(maxF1/(V1+V2
function PR_DX:ProdRateC;Z\ The MATLAB library function fminbnd
Vo is used to find the minimum

xguess = [0 0 0.2 0.4]; % initial guess vector

options = optimset('Diagnostics'.['off'], TolFun',[1e-91.'TolX'.[1e-91):

;‘g’"@'\'LEf“”’XgueSS’OP“O”SED The MATLAB library function fsolv is
=xsolv(3), \ .

D= F1/(V1+V2); used to solve the system of equations

PR_DX = -D* X1,
\ Objective function to be minimized

Highest Production Rate for Cells is 0.01207 at Dilution Rate of 0.079932

Highest Production Rate for Product is 0.0066643 at Dilution Rate of 0.083729



CONCLUSIONS
» For Single-Model, Single-Algorithm

problems, a software package and the user
supplied mathematical model and property
data are sufficient for achieving the solution.

» For Multiple-Model and/or Multiple-Algorit
problems, the number of possible
combinations is so large that it iIs Impossi

1m

nle

to provide pre-tailored solution algorithms

and programming is essential .

» For the later a combinations of software
packages (such as POLYMATH and

MATLAB) provides the most efficient means

for solution.
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